We construct a class of companion elliptic functions associated with the even Dirichlet characters. Using the well-known properties of the classical Weierstrass elliptic function ℘(z|τ ) as the blueprint, we will derive their representations in terms of q-series and partial fractions, explore the significance of the coefficients of their power series expansions and establish the modular properties under the actions of the arithmetic groups Γ0(N ) and Γ1(N ).
Introduction
We will consider a pair of companion elliptic functions generated from the twisting of the logarithmic derivative of the Jacobi theta function θ 1 (z|τ ) by the even Dirichlet characters over certain subgroups of the period lattice.
We first mention some familiar properties of the Dirichlet characters and the Jacobi theta functions which can be found in standard literature.
Let N be a positive integer. Let χ be a Dirichlet character modulo N . It is extended to the set of integers Z so that for all integers m and n, it satisfies the following properties:
(1). χ(1) = 1, (2) . χ(n + N ) = χ(n), (3) . χ(mn) = χ(m)χ(n), (4) . χ(n) = 0 if gcd(n, N ) > 1. We say χ is even if χ(−1) = 1 and odd if χ(−1) = −1. Let N ′ be a positive integer which is divisible by N . For any character χ modulo N , we can form a character χ ′ modulo N ′ as follows:
we say that χ ′ is induced by the character χ. Let χ be a character modulo N . If there is a proper divisor d of N and a character modulo d which induces χ, then the character χ is said to be non-primitive, otherwise it is called primitive.
Define the Gauss sum g n (χ) = N −1 k=1 χ(k)e 2iπnk/N .
(1.1)
nq n 1 − q n cos 2nz − Moreover, it has a well-known power series expansion at z = 0:
where the Eisenstein series E 2k (τ ), k = 2, 3, 4 · · · are modular forms of the full modular group SL(2, Z). Let χ be an even Dirichlet character modulo N . We now describe the elliptic functions referred at the begining. Define
and via the properties of theta functions we show that it has a companion elliptic function:
We will derive formulas analogues to that of Weierstrass elliptic function mentioned above. In particular, for the coefficients of power series expansion of g(z|τ, χ) and g z τ | − 1 N τ ; χ at z = 0, we will derive the Eisenstein series and Lambert series representations for these coefficients and prove that they are modular forms of the arithmetic group Γ 1 (N ).
At the end, in conjunction with the following theta function identity:
we will obtain, among other things, a set of the product representations for the Lambert series corresponding to these q-series for the cases N = 5, 8, 10 and 12.
For later use, we list the following well-known facts:
(1.7)
The Dedekind eta-function is defined by
It satisfies the imaginary transformation:
(1.8)
Main results
Let χ be a Dirichlet character modulo N . Define
Theorem 2.1. Suppose χ is an even Dirichlet character modulo N . Then
Proof. The proof is based on the identity:
where the complex number z satisfies the requirement: |q| < |e 2iz | < 1.
From the fact that χ is even, we derive the following identity:
Replacing τ with N τ and z with z + kπτ . Then (2.1) becomes
This establishes the desired identity.
We next derive the following companion identity which can be regarded as the imaginary transformation of g(z|τ ; χ). Theorem 2.2. Suppose χ is an even Dirichlet character modulo N . Then
Proof. Differentiating the imaginary transformation (1.5) logarithmically, we observe that
Then,
Since χ is an even Dirichlet character modulo N , it is easy to verify that h χ = 0 and we have
Recall the identity (see [9, p. 489 
q n 1 − q n sin 2nz.
and we note
Since χ is even,
Thus, if χ is even,
Appealing to the fact that χ is primitive if and only if g n (χ) = χ(n)g 1 (χ), we have Corollary 2.3. Suppose χ is an even primitive Dirichlet character modulo N . Then
It is well-known [1, p. 347] that χ d is an even primitive character modulo d and
Corollary 2.4. Suppose d is the discriminant of the real quadratic field Q( √ D). Let χ d (n) = d n . Then, we have
To end the section, we record the following identities: Corollary 2.5. Suppose χ is an even Dirichlet character modulo N , then
g n (χ)q n 1 − q n sin 2nz.
3. Eisenstein series generated from g (z|τ, χ) and g z τ | −1 N τ , χ We begin with the investigation of the Eisenstein series generated from the elliptic function g(z|τ, χ). We shall follow the same approach of the Weierstrass elliptic function by finding the power series expansion at z = 0; however, for later application, we will derive a slightly more general identity which is given in the following lemma. Lemma 3.1. Suppose χ is an even Dirichlet character modulo N and l ≥ 1. Then
Proof. From (1.1),
We note that for l ≥ 1, the series converges absolutely. Then
and from which
We complete the proof of Lemma 3.1.
Suppose χ is an even Dirichlet character modulo N and l ≥ 0. Then
Proof. From Corollary 2.5, we have
and together with (3.1),
Differentiating the above identity 2l times, we obtain the desired result.
We omit the proof of the second identity, since it is identical.
Proof. We note
χ(m)q mn and the desired identity follows readily.
In particular, choosing f (n) = cos 2nz and sin 2nz, we derive from Lemmas 3.1 and 3.2, the following identities: (1). for l ≥ 1,
n 2l+1 χ(m)q mn cos 2nz;
(2). for l ≥ 0,
We define, for k ≥ 1,
We derive the power series expansion of g(z|τ, χ).
Theorem 3.5. Suppose χ is an even Dirichlet character modulo N . Then
and, for k ≥ 2,
Proof. Since g(z|τ, χ) is an odd function of z, the power series expansion at z = 0 is of the form
Since
we have
From Lemma 3.4, for l ≥ 0,
and for l ≥ 1,
Letting z = π 2 , π 3 , π 4 in Lemma 3.4, we obtain additional identities:
for l ≥ 0. Next, we investigate the Eisenstein series generated from the elliptic function g z τ | −1 N τ , χ .
Suppose χ is an even Dirichlet character modulo N . We recall that
We define, for k ≥ 0,
We now derive the power series expansion of
and, for k ≥ 1,
Proof. Since g z τ | −1 N τ , χ is an odd function of z, the power series expansion at z = 0 is of the form
On the other hand, from Theorem 3.6,
and, for l ≥ 1,
Then for l ≥ 0,
For future reference, we record without proof the following identities which are readily derivable from the earlier identities.
Suppose χ is an even Dirichlet character modulo N . Then, (1). for l ≥ 1,
n 2l+2 g n (χ)q mn sin 2nz.
Taking q → 0 in the above two equation, we can obtain
Especially, when z = 0, we have
Hence,
4. Modular forms generated from g(z|τ, χ) and g z τ | −1 N τ , χ . Recall, for k ≥ 2,
The relation between them is given by
then,
Proof. Since c ≡ 0 (mod N ), χ(an + cm) = χ(a)χ(n).
We have
For the last equality, we appeal to the fact that (1). If
then, We have
The last equality follows from the facts: is an 1-1 and onto map.
Some Lambert series with product representations
We note that there are four moduli N = 5, 8, 10 and 12 in which there are four reduced residues modulo N ; using Theorems 2.1, 2.4 and Corollary 2.5 in conjunction with the theta identity (1.4), we will establish several identities with parameters z. These identities will generate interesting Lambert series after specializing the choices of z.
We will present the cases N = 8 and 12 first, since the characters involved are primitive. The case for N = 10 is slightly more complicated, since character involved is not primitive and it will be presented next. The case for N = 5 has already appeared in the literature and we will omit the details.
We remind the reader that q = exp(2πiτ ) with ℑτ > 0 and the well-known identity:
5.1. Representations for d=8.
Proof. Taking N = 8 in Theorem 2.1 and χ(n) = χ 8 (n) = 8 n , we obtain
Replacing τ by 8τ and x 1 = z − πτ , x 2 = z + πτ and
.
Replacing τ by 8τ in (1.7), we find that
From (1.4) by some elementary calculation, it is easy to show that
and
Combining the above equation (5.2)-(5.5), we obtain (5.1).
(1). Dividing both sides of (5.1) by z and then letting z → 0 , we are led to
(2). Taking z = π 3 and z = π 4 in (5.1), respectively, we obtain identities
Corollary 5.2. There holds the identity
Proof. We first note that, in terms of the Dedekind η− function, the identity (5.1) can be expressed as
From Corollary 2.4, we have
Replacing τ by − 1 8τ and z by z τ in (5.7). From (1.5),(1.6) and (1.8), we deduce that
Taking q → 0 in the above equation, we have Combining the above two equations, we complete the proof of (5.6).
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(1). Dividing both sides of (5.6) by z and then letting z → 0, one can easily show that
(2). Taking z = π 3 and z = π 4 in (5.6), respectively, we obtain identities
5.2.
Representations for d=10. Define χ(n) = ψ 10 (n) := 1 if n ≡ 1, 9 (mod 10), −1 if n ≡ 3, 7 (mod 10),
We note the character ψ is induced from the Kronecker symbol χ 5 (n) = n 5 , it is not primitive.
Proof. In Theorem 2.1, taking N = 10 and χ = ψ, we have
Replacing τ by 10τ in the above equation and then letting x 1 to z − πτ , x 2 to z + πτ and x 3 to −z + 3πτ in (1.3), we obtain
(5.10)
Replacing τ by 10τ in (1.7), we find that θ ′ 1 (0|10τ ) = 2q 5/4 (q 10 ; q 10 ) 3 . From (1.4) by some elementary calculation, it is easy to show that θ 1 (z − πτ |10τ )θ 1 (z + πτ |10τ )θ 1 (z − 3πτ |10τ )θ 1 (z + 3πτ |10τ ) = q(q 10 ; q 10 ) 5 ∞ θ 4 (z|2τ ) (q 2 ; q 2 ) ∞ θ 4 (z|10τ ) .
(5.13)
Combining the above equation (5.9)-(5.13), we obtain (5.8).
(1).
Proof. Dividing both sides of (5.8) by z and then letting z → 0 , we are led to
. (2). Taking z = π 3 and z = π 4 in (5.8), we obtain identities
Since ψ is not primitive, the following identity will be derived via Theorem 2.2.
Corollary 5.4. There holds the identity sin 2z cos z cos 5z − ∞ n=1 ψ(n) q n 1 − q n sin 2nz − ∞ n=1,5∤n (−1) n q 2n 1 − q 2n sin 4nz = η 2 (5τ )θ 1 (2z|τ )θ 2 (z|τ ) 2η(τ )θ 2 (5z|5τ ) . g n (ψ) q n 1 − q n sin 2nz =
πτ θ 2 (z|τ ),
We derive
Letting q → 0, we deduce Collecting all above facts together, we derive the equation (5.17).
Proof. Dividing both sides of (5.17) by z and then letting z → 0 , we obtain
(5.20)
By some straightforward calculations, we immediately deduce that (2). Taking z = π 3 and z = π 4 in (5.17), we obtain identity
5.3.
Representations for d=12. Taking N = 12 in Theorem 2.1 and χ(n) = χ 12 (n) = 12 n , we derive in a identical fashion as for the case N = 8, the following identities:
. 
q n − q 2n − q 3n + q 4n 1 − q 5n sin 2nz = − q −1/8 (q; q) 2 ∞ 2(q 5 ; q 5 ) ∞ θ 1 (z|5τ )θ 1 (2z|5τ ) θ 1 (z|τ ) ,
and from which we are led to the considering the following generalization of the above sums:
g(z|τ ; χ) = 4 ∞ n=1 N −1 k=1 χ(k)q kn 1 − q N n sin 2nz;
where χ is an even Dirichlet character modulo N .
Notably, in [2] Kolberg had also investigates the function g(z|τ ) and g z τ | − 1 N τ ; χ . The methods are different. Kolberg's approach is based on the identity: and one of his aims is to construct the multipliers involving the products of the Dedekind eta function of the forms η a (τ )η b (pτ ) so as to make, for odd prime p, η a (τ )η b (pτ )E k (τ ; χ) and η a (τ )η b (pτ )F k (τ ; χ) automorphic under the action of Γ 0 (p); whereas, we exploit fully the properties of Weierstrass elliptic function ℘(z|τ ) and explore the elliptic aspects of g(z|τ ) and g z τ | − 1 N τ ; χ , bring out their connection with the Weierstrass elliptic function ℘(z|τ ) and determine precisely the transformation formulas for the corresponding Eisenstein series associated with the even character χ under the action of Γ 0 (N ).
Remark 2. The identities 5.4(2) and 5.4 (5) can also be obatined in [8, p.139-140] . In [7, Prop.5 .1], we can also find the identity 5.4(4). 
